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Singular Limit of a p-Laplacian Reaction-Diffusion
Equation with a Spatially Inhomogeneous
Reaction Term
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We study singular limit of a p-Laplacian reaction-diffusion equation with a spa-
tially inhomogeneous reaction term. The coefficient of the reaction term is much
larger than the diffusion coefficient and sharp interfaces appear between two
phases. We show by matched asymptotic expansions that the limit equation (inter-
face equation) is a mean curvature flow with drift terms, similar to the case p = 2.
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1. INTRODUCTION

It is well-known that some classes of nonlinear diffusion equations give rise
to sharp internal layers (or interfaces) when the diffusion coefficient is very
small or the reaction term is very large. And the motion of such interfaces
is often driven by their mean curvature.

To name only a few, Chen® gave a rigorous proof on the generation
and propagation of interfaces for

1
u,=Au—;W’(u), xeRY, t>0,

where ¢ >0 is a small parameter and W (u) is a double-well potential of
equal well-depth (a typical example is W (u) = u*(u*—1)). He showed that
the equation of motion of the surface (interface equation) is

V=—(N-1)x,
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where V' is the normal velocity of the interface and x is mean curvature of
the interface.

In ref. 2, the authors studied a reaction-diffusion equation with a
spatially inhomogeneous reaction term:

1
U, = Au—; RPx)W'(w), xeRY, >0, (1.1

with 4 strictly positive. They showed that the interface equation involves a
drift term despite the absence of drift in the original equation:

V=_(N—1)x—3(1ogh), (1.2)
on

where 7 is the normal unit vector to the surface (outward, for closed inter-
faces). The existence of stable stationary closed interfaces for (1.2) in the
plane was obtained in ref. 3.

Recently, ref. 4 gave a rigorous proof on the generation and propaga-
tion of interfaces for

h(x)

u, = div(k(x) Vu)+—;
&

u(l—u?), in Qx(0,T).

For more details of the interface equations, see, for example, the above
listed papers and references therein.

In this paper, we consider a p-Laplacian reaction-diffusion equation
(Allen—Cahn equation) with a spatially inhomogeneous reaction term:

1 1
—= 4, = div(a?(x) [Vul? > Vu) == () W' (1),  xeR", >0,
P P

(1.3)

where p>1 is a constant, a(x), b(x) are smooth and for some a, >0,
a(x) = ay(x e RY), b(x)>0(xeR"). We show by matched asymptotic
expansions that the singular limit of (1.3) (that is, the interface equation)
is a mean curvature flow with drift terms concerning g—z and % Though the
drift terms may be not exact gradient times the normal, the interface equa-
tion is contained in the class of mean curvature flow with drift terms, just

as the case p =2.

2. A FORMAL DERIVATION OF INTERTFACE EQUATIONS

In this section, we present a formal derivation of the equation of
motion of interface for Eq. (1.3). The technique is based on matched
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asymptotic expansions using the so-called signed distance function, which
can be found in refs. 2 and 5, etc. We assume that f(u)=—W'(u) is a
smooth function derived from a double-well potential W (x) whose local
minima lie at u=—1 and u=1. Moreover we assume that f(—1)=

f0)=f(1), f'(-1)<0, f/(0)>0, f'(1) <0 and ', f(s) ds=0. The last
condition is equivalent to W (—1) = W(1).

2.1. Matched Asymptotic Expansions
Let u® be a solution of (1.3) and I"® be the interface
Irs=\) (I'ix{t}),
t=0

where I'; = {x € RV | u*(x, t) = 0}. Hereafter, we assume that the interface
I'® is smooth and that I'¢ is a smooth closed hypersurface in R without
boundaries for each z > 0. We denote by Q¢ the bounded domain in R"
enclosed by I';.

Let d*(x, t) be the signed distance function to I"* defined by

dist(x, I'%), x e RV\QF,
d’(x, 1) = 2.1

| —dist(x, I'?), xe Q-

We remark that d°=0 on I'* and |Vd®=1. We assume that d° has the
expansion

di(x, 1) =dy(x, t)+ed,(x, 1) +e*dy(x, 1)+ - --
and denote

I ={xeR"|dy(x, 1) =0}, Q, ={xeR"|dy(x,1) <0}

I'= U (I, x {t}), 0o = U ((RN\E)X{I}L 0= U (L, x {t}).

t=0 t=0 t=>0

Roughly speaking, I', represents the position of the interface at time ¢
in the limit as ¢ — 0, while 2, represents the region inside I;.
We also assume that the solution #° has the expansions

us(x’ t) = uO(xa t) +éuy (x7 t) +£2u2(x7 t) +ee (22)
away from the interface I"* (the outer expansion) and

u(x, 1) =Uy(&, x, ) +eU, (&, x, 1)+ U, (&, x, £) + - - 2.3)
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near I'° (the inner expansion), where & =d*(x, t)/e. The stretched space
variable ¢ gives exactly the right spatial scaling to describe the sharp tran-
sition between the regions {u~ —1} and {u~ 1}. Since u°=0 on I'*, we
normalize U, in such a way that U,(0, x, 1) =0(k=0, 1, 2,...) for all (x, ¢)
near I'* (normalization conditions). To make the inner and outer expansions
consistent, we require that

U (+00, x, 1) =uf (x, 1) if xe(R"\Q,)uT, 2.4
U (=0, x,t) =u; (x, 1) if xeQ ul, (2.5

for all (x, ) near I and all k > 0 (matching conditions), where u{ and u;
respectively denote the terms of outer expansion (2.2) in the region Q, and
the region Q,. In particular, if x € I, then one has to take into account
both of the conditions (2.4) and (2.5).

2.2. Motion of Interface for Equation (1.3)

Substituting the outer expansion (2.2) into (1.3) and collecting the &7
and ¢ ?*! terms respectively, we have

bP(x) f(ug(x, 1)) =0, b(x) f'(uo(x, 1)) uy (x, 1) = 0.

in Q, v Q,. Hence we have uy, =—1,u,=0 or u, =1 in Q, U Q,. Since we
are studying interfaces between the region {u~ —1} and {u~ 1}, we have
either uy(x, 1) = —1 in Q, and uy(x,7) =1 in Q, or the other way around.

As both cases are treated similarly, we will assume the former throughout
this section. From the second equality we get u,(x, 1) =01in Q, U Q,.

Now, substituting (2.3) into (1.3) and collecting the ¢ and &7*!
terms, we get

a?(x) Ul *Upge +b7(x) f(U,) =0, (2.6)
Uofd()t == Uggl Vdo . Vap+ (p_z) apUgg3U0¢§ Vdo . Von
+(p—2) a?’U%; *Uyze Uy +2a*U ;> Vd, -V, Uy,
+a”U{,’g1Ad0 +a”U{)’g2U1¢¢+b1’f’(U0) U, 2.7
(2.7) is in fact

a?U% Uy +(p—2) a?US: Uy Uy + 07 f'(Uy) U,
= U0§d0t —Ugé_lvdo . Vap— (p—2) apUg‘f_3Uoé¢Vd0 . VxUO
- 2apU§€_2Vd0 ° VxUOE _apUgé_lAdO (2.8)
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Suppose that ¢(&) is the unique solution of

{((/J’)”‘Zqo"+f (p)=0, 29)
(=) = —1, p(0) =0, p(+00) = 1.
Hence
?'(&) =[pW(p(&)-W(-1))]"">0, (eR.
Therefore
(& x,0)=¢ <@ > (2.10)
a(x)

for £ e R and all (x, ¢) near I, is the solution of (2.6). Substituting (2.10)
into (2.8) we have
a’b? @' )P e +(p—2) ab?'(¢")" > ¢"U,: + 57" (9) U,

b br!
= ; (P,d(), -

a?~! a

b
()7 Vdy-Va'—(p—2) ab™"&(¢")"~2 ¢" Vidy -V < )

b

—2a*%""(¢')""> Vd,- <(p'V <;>+§ Ep"V <Z>>—ab1’1(go’)1’1 Ad,

Let z=2¢ and taking into consideration the normalization condition we
have

DY Ut (p=2) D9V U 4B () Uy
b b
=2 0/ =) Vi V= par 2V, ¥ (1) 9y "

b

2.11
—2a’h""*(¢")?"' Vd, -V <E>—ab"‘1(¢’)”‘1 Ad, @11

=A(z, x, 1)
U, (0,x,¢)=0.

Now we use a Fredholm type lemma like Lemma 4.1 in ref. 6 or Lemma 2.1
in ref. 2. Observing that iy = ¢’ solves

Y+ (P2 Y W)+ (@) Y =0
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and using the method of variation of constants one can find the explicit
solution of (2.11): U, (z, x, t) = a(z, x, t) Y(z), where a satisfies

lpp_lazz-i_plpp_ZlP’aZ = A(Z’ x7 t)/bp9

ie.,

(0 Y?), =y A/b*. (2.12)

A solution a of (2.12) exists if and only if (see, e.g., Lemma 4.1 in ref. 6)

f Az, %, 1) Y(2) dz =0.

Substituting the right hand side of (2.11), into this equality and noticing
fr2(¢")"" 9" dz = —(1/p) | (¢')? (2) dz, We obtain

b
% dy = ab?'g, - Ady+ab""*g, Vb-Vdy+(p—1) b*"'g, Va-Vd,, (2.13)
where

g=] @@V Vi=12..p

are constants depend on j.

Since Vd, coincides with the outward normal unit vector n to the
hypersurface I,, and —d,,(x, t) =V, where V' is the normal velocity of the
interface [,. It is also known that the mean curvature x of the interface is
A% Thus (2.13) is equivalent to

&>

v——&l -ty arrntrar Lo -y a2 2] 14
on on
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